After determining the relationdrip between cylindrical and spherical solid vector harmottics, we arrive at the complete and effective solution for the static deformation due to a multipolar source of arbitrary order in a homogeneous isotropic half-space. Using the correspondence between spherical harmonics and seismic moment tensors obtained e•rlief, we construct a catalog of mirror image sources which yield zero traction on the plane. For each angular order number ! the total nmnber of these images is 15 for a general case, of which the first spheroidal source has seven images, the toroidal source has four images, and the second spheroidal source also has four images. We derive the conditions reader which image point sources are converted into semi-infixdte line nuclei. We m'm!yze several special cases of deformation in a half-space, namely, axisymmetric, generalized Boussinesq-Cerruti, thermoelastic deformations. We present several general and specific models of fitrite sources of elastic displacement in a half-space mad discuss possibilities for inverting complex extended sources of elastic deformation. The nonmfiqueness of the inversion can be estimated objectively.
unless our inversion solution is complete, we cannot be sure that some, perhaps major, components of the solution have been overlooked. In analyzing the source properties obtained t.hrough inversion of deformation data, one needs to know which sources are not expressed outside t.he focal •.one, and thus are not retrievable, even if all the multipolar sources are obtained (see more in H1). Those sources which we call in H1 "null" sources are present in the seismic moment expansions starting from the third-rank tensor. We need to know the Green's functions for these higher-rank sources to account for the null sources.
The standard (traditional) solutions for finite earthquake faults in the half-space as well as other specific models of extended elastic sources may appear unsatisfactory for three reasons: (1) Higher-order source terms are not. expressed in free surface displacements; hence these sources cannot be obtained through an inversion.
(2) Some of the above sources correspond to the details of the focal zone (for instance, sharp corners of a fault plane, etc.) which are usually not known from a priori information; thus these sources are not required for the solution of the forward problem. (3) These higher-order sources may confuse the analysis of displacement. For example, two forward models of elastic displacement may differ significantly in their analytical form or in the geomet.ry of the focal zone, whereas the actual surface displacements could be almost identical. For these reasons we define these sources as "nuisance" sources.
We summarize our motivation to study multipolar sources in a half-space: (1) The results should allow a complete and unique inversion of general source properties from displacement data provided we have a complete set of deformation data surrounding the source zone. This solution is accomplished by approximating the finite source by its multipolar expansion. The relationship of this expansion to the seismic moment expansion allows us to interpret the inversion results. (2) The degree of ambiguity in the inversion can be objectively evaluated. (3) The inversion solution should be optimal in terms of the tot.al number of degrees of freedom, as well as in terms of other quantitative aspects.
To solve the two problems mentioned at the beginning of this introduction, we use the formalism of vector spherical and cylindrical harmonics. The spherical harmonies are used to represent sources in infinite medium, whereas the boundary conditions on the free surface are more naturally expressed through the cylindrical harmonics [Ben-Menahem and Singh, 1968a] . In section 2 we review these harmonics and their relation to harmonic Cartesian tensors. We obtain an expression for spherical solid vector harmonics in terms of cylindrical harmonics in sect. ion 3; thus we achieve our first objective. To obtain image (virtual) sources, we need to find an inverse relation for cylindrical eigenvectors in terms of vector spherical harmonics. This is accomplished in sections 3 and 4. In section 5 we discuss several special cases for our solution, and in section 6 we analyze extended sources of static elastic deformation in a halfspace.
SPHI•RICAL AND CYLINDRICAL VECTOR HAHMONICS

Spherical Vector Harmonics and Harmonic Tensors
In this section we review and organize the different In H1 and H3 we tried to avoid the use of m, the azimuthal order number, since in the unbounded medium with which we are concerned in these papers, one may choose the system coordinate orientation at will, and the use of m offers no advantages in classifying elastic sources, especially for double-couple sources. When working witl• the half-space, it is useful to choose a coordinate system connected to the boundary; hence we have only one degree of freedom in orienting the coor- Thorne, 1980 In H2, besides harmonic source tensors, we also used multipole moments F t'Jm (see Appendix A in H2). 
where f is the equivalent force and E is defined by (1 la). 
Repeating considerations of Appendix
where Z•t' • is given by (5), Xm is the Neumann factor Performing the calculations shown in the diagram of Figure I for l -1 , we obtain the image sources of a single force nucleus which were first described by Mindlin [1936 Fillally, we consider a special case when an extended source is composed of compression/dilatation centers distributed over the three-dimensional space. This is the case of thermoelastic deformations discussed, for instance, by Mindlin and Cheng [1950b] and Lur'e [1964] . As shown in Table 2 
FINITE SOURCES
We distinguish between extended sources which include boundaries and "transparent" sources where deformation is due to spattally distributed equivalent forces or stress glut [Backus, 1977] sources. "Inflation" models, where free surface displacement is due to magma or water pressure in subterranean cavities, are frequently used in geophysics. Spherical inflation or cavity models have been discussed by C!hankvetadze Ill Table 1, like Table 4 Table 1 ). Later in this section we consider sources having no interfaces in the focal zone, i.e., transparent sources.
The second classification criterion that we use for extended sources is the coherence of elementary nuclei which compose the focal zone. "Coherence" here means a spatial coherence, i.e., microsources comprising tile extended source being parallel to each other. For the col!erent sources the number of degrees of freedom is significantly decreased, since the third-rank seismic moment tensor call be reduced to zero by a proper clioice of the coordinate system (see above). As was discussed in the introduction and ill H3, for most coherent models of earthquake faults the effective number of free parameters is very small. Even if we allow for some incoherence of elementary shear dislocations comprising the finite fault, the number of degrees of freedom is relatively small. Our simulation results [H3] show that the strength of sources corresponding to the third-rank tensor is 1 or 2 orders of magnitude smaller than those corresponding to the second-and fourth-rank tensors.
However, it is fair to hypothesize that for extended sources of elastic deformation in the Earth, other than planar tectonic earthquake faults, the third-rank sources may play a significant role. For example, deformation due to igneous intrusion is often accompanied by fractures and formation of dikes. These randomly distributed fractures and dikes caused by inhomogeneities In Table 1 we list numbers of degrees of freedom for various finite sources corresponding to simple and complex planar fault models. By the complex doublecouple models we understand, as in H3, finite sources in which shear dislocations undergo arbitrary, infinitesignal, three-dimensional rotation. We assrune that in the "general" source model, finite three-dimensional rotations are present. Even if we approximate the extended source by moment tensors of third-or fourth-rank, some degrees of freedom are lost for these low-rank sources. These degrees of freedom correspond to the difference in the numbers between tensors E, •, and I', i.e., between tl•e elastic moment tensor, the equivalent force moment tensor, and the seismic moment tensor, respectively [cf. Backus, 1977] . Only elastic moment tensors E, which are isomorphic to spherical harmonics, can be uniquely obtained through the inverting deformation data [H1].
As was mentioned in section 3 (see discussion following equations (34) also Table 1 ), for a planar earthquake fault the number of degrees of freedom is generally smaller than for general multipolar sources, so we are not confronted with the problem of uniqueness of the solution. However, if, by available data or by design, we limit ourselves to fourth-and lower-rank sources, a parallelogram fault and elliptical fault patch should have the same deformation pattern. If one uses higher-rank tensor expansion, these two models would be distinguishable, but as discussed in the introduction, these higher-rank sources may not be available through an inversion. The interpretation difficulties will increase significantly if the extended fault patches constitute a complex nonplanar pattern. In such a case, ambiguity of the solution may be significant (see last two entries in Table 1) , and we need a proper formalism to take it into account. This formalism is provided by accounting for the null sources present in our solution.
In conclusion, we compare our multipole method for calculation of deformation due to extended and complex sources to traditional procedures. Traditional methods for inverting static deformation data offer two choices.
Olle possibility is approximating the displacement by second-rank point sources (two solid symbols on the ex- procedure an inversion may be separated into two subproblems' first, we obtain multipole characterization of a deformation due to a finite source, and second, we find a source model which corresponds best to the set of multipoles and to a priori information available.
The discussion in the preceding three paragraphs is applicable to extended sources both in an infinite space and in a half-space. The analysis of original and image sources provided in this paper allows us to treat general sources in the half-space in a consistent and systematic way. The deformation associated with an arbitrary source is obtained as a superposition of various sources and images, and since their catalog is complete and orthogonal, the inversion for finite sources in a half-space and their interpretation is more fruitful.
